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QUANTUM DISCORD OF X-STATES AS OPTIMIZATION OF ONE
VARIABLE FUNCTION
NAIHUAN JING∗, BING YU
Abstract. We solve the quantum discord completely as an optimization of certain one
variable function for arbitrary two qubit X state. Exact solutions of the quantum discord
are obtained for several nontrivial regions of the five parametric space for the quantum
state. Exceptional solutions are determined via an iterative algorithm.
1. Introduction
A quantum state can be studied through entanglement, separability, classical correlation
and quantum correlation [1–6]. The classical and quantum correlation of a quantum state
can be quantified by the notion of quantum discord. If ρab is a bipartite quantum state, the
quantum mutual information is defined by
I(ρ) = S(ρa) + S(ρb)− S(ρab)(1.1)
where S(ρ) = −Trρ log2(ρ) is the von Neumann entropy of the quantum state.
To reveal the nature of quantum correlation, Olliver and Zurek [1] proposed to use the
entropy of measurement-based conditional density operators to study the classical correla-
tion. The von Neumann measurement is an ensemble of projectors Bk such that
∑
k Bk = I
where Bk are mutually orthogonal idempotents. When the measurement {Bk} is performed
locally on one party of the system ρab, the quantum state ρ is changed to
ρk =
1
pk
Trb(1⊗Bk)ρ(1⊗Bk)(1.2)
with the probability pk = Tr(1 ⊗ Bk)ρ(1 ⊗ Bk) = Trρ(1 ⊗ Bk). The quantum conditional
entropy is given by
S(ρ|{Bk}) =
∑
k
pkS(ρk).(1.3)
The quantum mutual information with respect to {Bk} is then defined as
I(ρ|{Bk}) = S(ρa)− S(ρ|{Bk}),(1.4)
and the classical correlation is measured by the quantity [1]
C(ρ) = sup{Bk}I(ρ|{Bk}).(1.5)
Key words and phrases. Quantum discord, quantum correlations, X-states, von Neumann measurements,
optimization on manifolds.
MSC (2010): Primary: 81P40; Secondary: 81Qxx. ∗Corresponding author, jing@ncsu.edu.
1
ar
X
iv
:1
60
4.
00
12
4v
2 
 [q
ua
nt-
ph
]  
27
 Ju
l 2
01
6
2 NAIHUAN JING∗, BING YU
Then the quantum discord is simply defined as the difference
Q(ρ) = I(ρ)− C(ρ)(1.6)
As the quantum discord is given by the supremum over the set of von Noumann mea-
surements, mathematically the problem is equivalent to optimization of a multi-variable
function with five parameters over a closed domain implicitly defined. In [7], Luo found the
first exact formula for the Bell diagonal state, which corresponds to a cross-section of the
general 5-dimensional region by a 3-dimensional space. The problem for general X-states
has been further studied in various works [8–11]. Notably Ali et al [12] gave the ARA
algorithm to calculate the quantum discord of the X-type state by reducing the problem
to an optimization of certain three variable function. Other methods [13–22] have also
been proposed to solve optimization of multi-variable functions in different parametrization
and then claimed that in most cases the maximum value is given by two or three possible
critical or special points. The quantum discord has also been studied using other more
general POVM measurements [20, 23–25]. So far the best record has been some reduction
to extremal problems of two variable functions.
However, these methods have not completely solved the problem of the quantum discord
except Luo’s solution for the Bell diagonal state [7] which gives an exact or analytical formula
for the quantum discord. In fact, most of the current methods are useful for many of the
situations but not all cases. Their main ideas are to solve the optimization problem by
writing down a system of partial differential equations and then claimed that the solutions
are given by those of the system.
There are three questions needed to be addressed for these methods to be successful
for the quantum discord. First of all, it is impossible to solve these systems of partial
differential equations analytically. Secondly, even if one manages to solve the system of
the partial differential equations numerically, the solutions may still turn out to be some
local extremal but the global ones, since most of the currently available methods did not
discuss the situation on the boundary. Therefore these differential equations could miss
the important solutions of the quantum discord. Thirdly, even the numerical solutions to
those systems of partial differential systems could be problematic, since they are usually
of high dimensional, and it was observed by Huang [22] that the computational cost could
grow exponentially with the dimension of the Hilbert space. The authors failed to locate
a practical numerical method in the literature to solve this problem either, as they are
optimization of multivariable functions and no satisfactory numerical methods are available
for such complicated multivariable (often ill-defined) partial differential equations. For
example, Ex. 2 in Sect. 3 cannot be solved by any of the currently available algorithms.
In fact, its solution was only obtained by examining the graph of the quantum discord
(cf. [21]), thus its accuracy is at mercy of raw eyes.
The reason behind this problem and trouble is perhaps that the present available methods
more or less use the Lagrange multiplier, which only gives necessary conditions for the
interior critical points (see any standard calculus book). Those exceptional solutions such
as Ex. 2 in Sect. 3, on the other hand, appear not at interior points but on the boundary.
To completely understand the physical meaning of the quantum discord, it is necessary to
give a rigorous and satisfactory solution of the associated optimization problem.
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The goal of this paper is to solve the quantum discord of the general X-state for all
situations on the whole domain in three steps. First, we propose a new method to reduce
the associated optimization problem into that of a one-variable entropy-like function on
the closed interval [0, 1] (cf. Theorem 2.1), which in principle solves the problem of the
quantum discord. Second, we give exact and analytical solutions for the general X-type
state for several nontrivial regions of the parameters and prove rigorously that the answer
is mostly given by the end-points of [0, 1] in Theorem 2.2. Third, for the exceptional cases
not covered by the second step and when the maximum is at an interior point of (0, 1),
we have formulated an effective algorithm to pin down the exotic solutions using Newton’s
formula (see Theorem 3.1). We remark that the third step covers the situation when all
previous methods cannot solve the quantum discord. Combining with the end-points, the
iterative formula has completely resolved the problem of the quantum discord for the general
X-type state. As an example to demonstrate the power of our method, we will solve the
aforementioned Ex. 2 accurately (by six simple iterations) without resorting to its graph.
We also compare our results with the formulas of [23], where the authors have used the
concurrence to compute the quantum discord of rank two mixed states. It is verified that
their formulas correspond to our special cases of either F (1) or F (0).
2. quantum discord for X states
Let {σi}3i=1 be the standard Pauli spin matrices such that {σi, σj} = 2δij . It is well-
known that any two-qubit state is local unitary equivalent to the Bloch form with diagonal
quadratic terms in σi ⊗ σj . In this paper, we restrict ourselves with the general X-type
quantum state
(2.1) ρ =
1
4
(I ⊗ I + rσ3 ⊗ I + I ⊗ sσ3 +
3∑
i=1
ciσi ⊗ σi),
where r, s ∈ [−1, 1] and |ci| 6 1. The eigenvalues of ρ are given by
λ1,2 =
1
4
(1− c3 ±
√
(r − s)2 + (c1 + c2)2),
λ3,4 =
1
4
(1 + c3 ±
√
(r + s)2 + (c1 − c2)2).(2.2)
Therefore the quantum state ρ is defined over the following closed region R(ρ) of R5:
(2.3)
1− c3 >
√
(r − s)2 + (c1 + c2)2,
1 + c3 >
√
(r + s)2 + (c1 − c2)2.
The manifold R(ρ)’s boundary satisfies the following obvious constraints: |c3| 6 1, c21+c22 6
1 + c23, and r
2 + s2 6 1 + c23. R(ρ) is also contained in the region bounded by the following
hyperplanes:
1− c3 > |c1 + c2|, 1− c3 > |r − s|,(2.4)
1 + c3 > |c1 − c2|, 1 + c3 > |r + s|.(2.5)
In particular, 1− c3 > max{|r|, |s|} and 1− c3 > max{|c1|, |c2|}
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To evaluate the mutual information I(ρ), we need the marginal states of ρ:
ρa = Trbρ = diag(
1
2
(1 + r),
1
2
(1− r)),
ρb = Traρ = diag(
1
2
(1 + s),
1
2
(1− s)).(2.6)
Thus the quantum mutual information of ρ is given by
I(ρ) =S(ρa) + S(ρb)− S(ρ)
=2− 1
2
(1 + r) log2(1 + r)−
1
2
(1− r) log2(1− r)
− 1
2
(1 + s) log2(1 + s)−
1
2
(1− s) log2(1− s) +
4∑
i=1
λi log2 λi
(2.7)
Next we evaluate the classical correlation C(ρ). Any von Neumann measurement can
be written as {Bk = V |k〉〈k|V † : k = 0, 1} for some V ∈ SU(2), and each unitary matrix
V ∈ SU(2) is parameterized up to a phase factor by the 4-dimensional unit sphere t2 +∑3
i=1 y
2
i = 1 such that V = tI + i
∑3
i=1 yiσi, t, yi ∈ R.
After the measurement {Bk}, the ensemble {ρk, pk} is given by (1.2).
For V = tI + i
∑3
i=1 yiσi, it follows from symmetry that
V †σ1V = (t2 + y21 − y22 − y23)σ1 + 2(ty3 + y1y2)σ2 + 2(−ty2 + y1y3)σ3,
V †σ2V = (t2 + y22 − y23 − y21)σ2 + 2(ty1 + y2y3)σ3 + 2(−ty3 + y1y2)σ1,
V †σ3V = (t2 + y23 − y21 − y22)σ3 + 2(ty2 + y1y3)σ1 + 2(−ty1 + y2y3)σ2,
(2.8)
and the expansion coefficients of V †σiV lie on the unit 3-sphere, or more precisely the
transition matrix ∈ SO(3).
Introduce new variables
z1 = 2(−ty2 + y1y3), z2 = 2(ty1 + y2y3), z3 = t2 + y23 − y21 − y22.
Then z21 + z
2
2 + z
2
3 = 1, and we have that
B0σiB0 = ziB0(2.9)
B1σiB1 = −ziB1(2.10)
Therefore we obtain that
ρ0 =
(1 + sz3)I + c1z1σ1 + c2z2σ2 + (r + c3z3)σ3
2(1 + sz3)
(2.11)
ρ1 =
(1− sz3)I − c1z1σ1 − c2z2σ2 + (r − c3z3)σ3
2(1− sz3) ,(2.12)
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with p0 =
1
2(1 + sz3), p1 =
1
2(1− sz3). The nonzero eigenvalues of ρ0 and ρ1 are given by
λ±ρ0 =
1 + sz3 ±
√
r2 + 2rz3c3 +
∑3
i=1(cizi)
2
2(1 + sz3)
,(2.13)
λ±ρ1 =
1− sz3 ±
√
r2 − 2rz3c3 +
∑3
i=1(cizi)
2
2(1− sz3) .(2.14)
From these one sees
√
r2 ± 2rz3c3 +
∑3
i=1(cizi)
2 6 1 ± sz3. In particular,
√
r2 + c2 6 1,
where c = max{|c1|, |c2|}. Following [1, 2] the measure of the classical correlations is
C(ρ) = sup{I(ρ|Bk)} = sup{S(ρa)− S(ρ|Bk)}
= sup{S(ρa)− (p0S(ρ0) + p1S(ρ1))}
= 1− 1
2
(1 + r) log2(1 + r)−
1
2
(1− r) log2(1− r)
+ sup{p0(λ+ρ0 log2 λ+ρ0 + λ−ρ0 log2 λ−ρ0) + p1(λ+ρ1 log2 λ+ρ1 + λ−ρ1 log2 λ−ρ1)},
where the supremum is taken over von Neumann measures. The function inside supremum
is a function of z1, z2, z3 subject to z
2
1 + z
2
2 + z
2
3 = 1, so there are two independent variables.
Now we consider the function G of two variables z3, θ:
G(θ, z3) =
1
4
(1 + sz3 +
√
r2 + 2rc3z3 + θ) log2
1 + sz3 +
√
r2 + 2rc3z3 + θ
1 + sz3
+
1
4
(1 + sz3 −
√
r2 + 2rc3z3 + θ) log2
1 + sz3 −
√
r2 + 2rc3z3 + θ
1 + sz3
+
1
4
(1− sz3 +
√
r2 − 2rc3z3 + θ) log2
1− sz3 +
√
r2 − 2rc3z3 + θ
1− sz3
+
1
4
(1− sz3 −
√
r2 − 2rc3z3 + θ) log2
1− sz3 −
√
r2 − 2rc3z3 + θ
1− sz3 ,
(2.15)
where θ =
∑3
j=1(cjzj)
2 = (c21− c23)z21 + (c22− c23)z22 + c23. Hence the quantum discord is given
by
Q(ρ) = I(ρ)− C(ρ)
=2− 1
2
(1 + s) log2(1 + s)−
1
2
(1− s) log2(1− s) +
4∑
i=1
λi log2 λi −max
z3,θ
G(z3, θ).
(2.16)
Here the boundary of (θ, z3) is determined by z
2
1 + z
2
2 + z
2
3 = 1.
To solve the maximum of G(z3, θ), we first note that G is an even function of z3, so it
is enough to consider z3 ∈ [0, 1]. Furthermore, we can reduce the optimization to that of
a one variable function. We remark that previously available methods have only been able
to reduce the problem to that of a two-variable function. For later purpose, we will simply
write z for z3 from now on.
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Theorem 2.1. Let c = max{|c1|, |c2|}. Then the quantum discord of the general X-state ρ
is given by
(2.17)
Q(ρ) =2− 1
2
(1 + s) log2(1 + s)−
1
2
(1− s) log2(1− s)
+
4∑
i=1
λi log2 λi − max
z∈[0,1]
F (z),
where
(2.18)
F (z)
=
1
4
(1 + sz +H+) log2
1 + sz +H+
1 + sz
+
1
4
(1 + sz −H+) log2
1 + sz −H+
1 + sz
+
1
4
(1− sz +H−) log2
1− sz +H−
1− sz +
1
4
(1− sz −H−) log2
1− sz −H−
1− sz
and H± =
√
c2(1− z2) + (r ± c3z)2 =
√
(r2 + c2)± 2rc3z + (c23 − c2)z2.
Proof. First we notice that G(z, θ) is a strictly increasing function of θ:
∂G
∂θ
=
1
8
√
r2 + 2rc3z + θ
log2(
1 + sz +
√
r2 + 2rc3z + θ
1 + sz −√r2 + 2rc3z + θ
)
+
1
8
√
r2 − 2rc3z + θ
log2(
1− sz +√r2 − 2rc3z + θ
1− sz −√r2 − 2rc3z + θ
) > 0.
Therefore there are no interior critical points and extremal points must lie on the boundary
of the domain. Since ∂G∂θ > 0, we further conclude that maxG takes place at the largest
value of θ for some z ∈ [0, 1]. As z21 + z22 + z2 = 1, we have that
θ = (c21 − c23)z21 + (c22 − c23)z22 + c23
6 (c2 − c23)(z21 + z22) + c23
= c2 + (c23 − c2)z2,
For each fixed z, the maximum value c2 + (c23− c2)z2 can be achieved by appropriate z1, z2.
In fact, for c = |c1| > |c2|, take z2 = 0, then θ = c2z21 + c23z2 = c2 + (c23 − c2)z2. Similarly,
take z1 = 0 if |c1| < |c2|. Therefore maxG(z, θ) = maxz∈[0,1]G(z, c2 + (c23 − c2)z2), which is
explicitly given in Eqs. (2.17)-(2.18). 
The optimization problem is generally nontrivial, as it has five parameters. We have the
following analytic formulas for several regions of the five parameters.
Theorem 2.2. For the general X-type quantum state, the quantum discord is explicitly
computed according to the following cases.
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(a) If s > 0, rc3 6 0 and c23 − c2 > src3 or s = 0, c23 > c2, then the quantum discord is
given by Eq. (2.17) with
max
z∈[0,1]
F (z) = F (1) =
1
4
(1 + s+ r + c3) log2(
1 + s+ r + c3
1 + s
)
+
1
4
(1 + s− r − c3) log2(
1 + s− r − c3
1 + s
)
+
1
4
(1− s+ r − c3) log2(
1− s+ r − c3
1− s )
+
1
4
(1− s− r + c3) log2(
1− s− r + c3
1− s ).
(2.19)
(b) If s 6 0, rc3 > 0 and c23 − c2 > src3, then the quantum discord is given by the same
formula as in (a).
(c) If r = 0 and c23 > c2 (s is not necessarily 0) or r = s = 0. Let C = max{|ci|}, then
the quantum discord is given by Eq. (2.17) with
max
z∈[0,1]
F (z) =
1
4
(1 + s+ C) log2(
1 + s+ C
1 + s
) +
1
4
(1 + s− C) log2(
1 + s− C
1 + s
)
+
1
4
(1− s+ C) log2(
1− s+ C
1− s ) +
1
4
(1− s− C) log2(
1− s− C
1− s ).
(2.20)
(d) If s = rc3 6 0, c2 = c23, and c2 + r2 6 23 , then the quantum discord is given by Eq.
(2.17) with
max
z∈[0,1]
F (z) =
1
2
(1 +
√
r2 + c2) log2(1 +
√
r2 + c2)
+
1
2
(1−
√
r2 + c2) log2(1−
√
r2 + c2).(2.21)
Proof. We compute the derivative of F (z).
F ′(z) =
1
4
(
s log2
(1 + sz +H+)(1 + sz −H+)(1− sz)2
(1− sz +H−)(1− sz −H−)(1 + sz)2
+ H ′+ log2
1 + sz +H+
1 + sz −H+ +H
′
− log2
1− sz +H−
1− sz −H−
)
=
1
4
(
s log2
1−A2+
1−A2−
+
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+
+
−rc3 + (c23 − c2)z
1− sz
1
A−
log2
1 +A−
1−A−
)
(2.22)
where H ′±(z) = H
−1
± (±rc3 + (c23 − c2)z) and A± =
H±
1± sz ∈ [0, 1].
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Case (a). Since
(2.23)
A2+ −A2− =
(1− sz)2H2+ − (1 + sz)2H2−
(1− sz)2(1 + sz)2
=
(1− sz)2((r + c3z)2 + c2(1− z2))− (1 + sz)2((r − c3z)2 + c2(1− z2))
(1− sz)2(1 + sz)2
=
(1 + s2z2)4rc3z − 4sz[(r2 + c23z2) + c2(1− z2)]
(1− sz)2(1 + sz)2
Then the first term of F ′(z) > 0 iff s(A2+ −A2−) 6 0, which holds if s > 0 and rc3 6 0 or
s 6 0 and rc3 > 0. In particular, r = 0 implies that s(A2+ −A2−) 6 0.
Note that g(x) =
1
x
ln
1 + x
1− x is a strictly increasing function on (0, 1), as
g′(x) = − 1
x2
log2
1 + x
1− x +
2
x ln 2
1
1− x2
=
2
x ln 2
( ∞∑
n=0
−x2n
2n+ 1
+
∞∑
n=0
x2n
)
> 0.
Therefore A+ > A− iff
(2.24)
1
A+
ln
1 +A+
1−A+ >
1
A−
ln
1 +A−
1−A− .
(i) If s > 0, rc3 6 0 and c23 − c2 > 0, It follows from Eq.(2.23) that A+ 6 A−, then Eq.
(2.24) implies that
F ′(z) > 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
1− sz
1
A−
log2
1 +A−
1−A−
)
> 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
1 + sz
1
A−
log2
1 +A−
1−A−
)
> 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
+
−rc3 + (c23 − c2)z
1 + sz
)
1
A+
log2
1 +A+
1−A+
=
1
2
(c23 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ > 0.
(ii) If s > 0, rc3 6 0 and src3 6 c23 − c2 6 0 , we have that
F ′(z) > 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
1− sz
1
A−
log2
1 +A−
1−A−
)
> 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
+
−rc3 + (c23 − c2)z
1− sz
)
1
A−
log2
1 +A−
1−A−
=
1
2
(−rc3s+ c23 − c2)z
(1− sz)(1 + sz)
1
A−
log2
1 +A−
1−A− > 0.
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(iii) s = 0 and c23 − c2 > 0, so A± = H±. Note that A+ − A− has the same sign as rc3
due to Eq. (2.23). Then
(2.25)
F ′(z) =
1
4
(
rc3 + (c
2
3 − c2)z
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
A−
log2
1 +A−
1−H−
)
=
rc3
4
(
1
A+
log2
1 +A+
1−A+ −
1
A−
log2
1 +A−
1−A−
)
+
(c23 − c2)z
4
(
1
A+
log2
1 +A+
1−A+ +
1
A−
log2
1 +A−
1−H−
)
> 0,
We see that F ′(z) is always increasing, so the maximum of F (z) is F (1), which is simplified
to the formula shown in Eq. (2.19).
Case (b) is treated in two subcases.
(i) Suppose that s 6 0, rc3 > 0, and c23 − c2 > 0. then A+ > A−. Therefore
F ′(z) > 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
1− sz
1
A−
log2
1 +A−
1−A−
)
> 1
4
(
rc3 + (c
2
3 − c2)z
1− sz +
−rc3 + (c23 − c2)z
1− sz
)
1
A−
log2
1 +A−
1−A−
=
1
2
z(c23 − c2)
1− sz
1
A−
log2
1 +A−
1−A− > 0.
(ii) Suppose that s 6 0, rc3 > 0 and src3 6 c23 − c2 6 0, then
F ′(z) > 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
1
A+
log2
1 +A+
1−A+ +
−rc3 + (c23 − c2)z
1− sz
1
A−
log2
1 +A−
1−A−
)
> 1
4
(
rc3 + (c
2
3 − c2)z
1 + sz
+
−rc3 + (c23 − c2)z
1− sz
)
1
A+
log2
1 +A+
1−A+
=
1
2
(−rc3s+ c23 − c2)z
(1− sz)(1 + sz)
1
A+
log2
1 +A+
1−A+ > 0.
Therefore the maximum of F (z) is also F (1).
Case (c) is treated in two subcases: (i) r = 0 and c23 > c2; (ii) r = s = 0.
First of all, the assumption of r = 0 implies that H+ = H− and the first term of F ′(z) is
nonnegative. Therefore
F ′(z) > H−1+ (c23 − c2)z
(
log2
1 + sz +H+
1 + sz −H+ + log2
1− sz +H−
1− sz −H−
)
When c23 > c2, F ′(z) > 0 and the maximum is F (1), which is given as in Eq.(2.20). If
s = r = 0, then
F ′(z) = 2H−1+ (c
2
3 − c2)z log2
1 +H+
1−H+ .
Therefore maxF (z) is F (1) or F (0) according to c23 > c2 or not. In both cases, maxF (z)
is given by the same formula in Eq.(2.20).
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Case (d). If s = rc3 6 0, c2 = c23, and c2 + r2 6 23 , It follows from Eq.(2.23) that the first
term F ′(z) 6 0.
Let k(s) = 1H(s) log2
1+sz+H(s)
1+sz−H(s) , where H(s) =
√
r2 + c2 + 2sz. Then
F ′(z) 6 rc3
4H+(z)
log2
1 + sz +H+
1 + sz −H+ +
−rc3
4H−(z)
log2
1− sz +H−
1− sz −H−
=
rc3
4
(k(s)− k(−s)).(2.26)
As a function of s we have that H ′(s) = zH(s) and
k′(s) =
z
H(s)
log2
1 + sz +H(s)
1 + sz −H(s) +
1
H(s) ln 2
(
z +H ′(s)
1 + sz +H(s)
− z −H
′(s)
1 + sz −H(s)
)
=
z
H(s)
log2
1 + sz +H(s)
1 + sz −H(s) +
2z
H2(s) ln 2
1 + sz −H2(s)
(1 + sz)2 −H2(s)
=
z
H(s)
log2
1 + sz +H(s)
1 + sz −H(s) +
2z
H2(s) ln 2
1− sz − (r2 + c2)
(1 + sz)2 −H2(s) > 0
the inequality holds because
r2 + c2 ± s = r2 + c23 ± rc3 6 r2 + c23 +
r2 + c23
2
6 1.
Similarly k′(−s) > 0, thus rc34 (k′(s) + k′(−s)) |s6 0, which implies that F ′(z) 6 0.
Therefore the maximum of F (z) on z ∈ [0, 1] is F (0), which is given by the formula in
Eq.(2.21).

Remark. The theorem shows that in most cases max{F (1), F (0)} is the maximum.
Moreover, computer-generated random sets of the 5 parameters show that the maximum is
mostly given by F (1). However, there are still some cases with the optimal point zˆ 6= 0, 1
(see Example 2 below).
3. Exceptional Solutions
As we remarked that there are situations the optimization is attained at zˆ ∈ (0, 1). To
nail down this case we give the following result.
Theorem 3.1. The optimization of F (z) in the quantum discord has the following property.
(a) F ′(0) = F (3)(0) = 0, so F (0) is a critical point, and both F (0) and F (1) are positive;
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(b)To determine if there are other optimal points, we provide the following method. We
have that
F ′(z) =
1
4 ln 2
{
s ln
((1 + sz)2 −H2+)(1− sz)2
((1− sz)2 −H2−)(1 + sz)2
+H ′+ ln
1 + sz +H+
1 + sz −H+ +H
′
− ln
1− sz +H−
1− sz −H−
}
(3.1)
F ′′(z) =
1
2 ln 2
{
(s2 +H ′2+ )(1 + sz)− 2sH+H ′+
(1 + sz)2 −H2+
+
(s2 +H ′2− )(1− sz) + 2sH−H ′−
(1− sz)2 −H2−
− 2s
2
1− s2z2 +
1
2
H ′′+ ln
1 + sz +H+
1 + sz −H+ +
1
2
H ′′− ln
1− sz +H−
1− sz −H−
}
,(3.2)
where H± =
√
(r ± c3z)2 + c2(1− z2), H ′± = H−1± (±rc3+(c23−c2)z) and H ′′± = H−3± c2(c23−
c2 − r2). If the following Newton’s iterative formula gives points inside (0, 1), then its limit
will be another optimal point.
(3.3) zk+1 = zk − F
′(zk)
F ′′(zk)
.
In practice, one usually starts with z0 = 1.
Proof. Note that F (z) = f(z)+f(−z) for some analytic function f(z), therefore F (n)(0) = 0
for any odd integer n ∈ N. The iterative formula follows from Newton’s approximation
formula. 
Example 1. Let ρ = 14(I +
∑3
i=1 ciσi ⊗ σi) be the Bell-diagonal state. Then r = s =
0. This is a special case of Theorem 2.2 (c), so the maximum of F (z) on z ∈ [0, 1] is
1
2(1 + C) log2(1 + C) +
1
2(1− C) log2(1− C), and the quantum discord is
Q(ρ) = 1
4
(1− c3 + c1 + c2) log2(1− c3 + c1 + c2)
+
1
4
(1− c3 − c1 − c2) log2(1− c3 − c1 − c2)
+
1
4
(1 + c3 + c1 − c2) log2(1 + c3 + c1 − c2)
+
1
4
(1 + c3 − c1 + c2|) log2(1 + c3 − c1 + c2)
− 1
2
(1 + C) log2(1 + C)−
1
2
(1− C) log2(1− C)
(3.4)
which was first given in [7] where C = max{|ci|}. Note that the Werner state ρ =
a|ψ−〉〈ψ−|+ 1−a4 I, where 0 6 a 6 1, is a special case with r = s = 0, c3 = −a, c1 = c2 = −a.
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Example 2. Let ρ be the following density matrix, which is an example that cannot be
treated by previous algorithms (cf. [14]).
(3.5)

0.0783 0 0 0
0 0.1250 0.1000 0
0 0.1000 0.1250 0
0 0 0 0.6717
 .
The eigenvalues of ρ are λ1 = 0.025, λ2 = 0.0783, λ3 = 0.2250, λ4 = 0.6717. In terms of the
Bloch form, r = s = −0.5934, c3 = 0.5, c1 = c2 = 0.2, so c = 0.2.
Although F (1) > F (0), F (1) is not a maximal value. We can solve the exceptional
solution easily by Eq. (3.3). In fact, starting with z0 = 1, Eq. (3.3) gives that z1 =
0.9205, z2 = 0.8884, z3 = 0.8833, z4 = 0.8831, z5 = 0.88313, z6 = 0.883131. Therefore zˆ =
0.88313 is another critical point of F (z) and the maximum value. Finally the quantum
discord turns out to be Q(ρ) = 2− 12(1+s) log2(1+s)− 12(1−s) log2(1−s)+
∑4
i=1 λi log2 λi−
F (0.88313) = 0.1328.
Example 3. Let ρ = 13{(1− a)|00〉〈00|+ 2|ψ+〉〈ψ+|+ a|11〉〈11|}, where |ψ+〉 = 1√2(|01〉+
|10〉), 0 ≤ a ≤ 1 considered in [12]. The eigenvalues of ρ are λ1 = 0, λ2 = 23 , λ3 = 1−a3 , λ4 =
a
3 . Here r =
1
3 − 23a, s = 13 − 23a, c3 = −13 , c1 = c2 = 23 , c = max{|c1|, |c2|} = 23 . It can be
checked that F (0) is the maximal value using F ′(z). The behavior of F ′(z) is depicted in
Fig. 1 as a function of z and a. The quantum discord is Q(ρ) = 2− 12(1 + s) log2(1 + s)−
1
2(1− s) log2(1− s) +
∑4
i=1 λi log2 λi − F (0).
Figure 1. F ′(z) 6 0 in Ex. 3 and F ′(0) = 0 for all a.
4. Relationship with Concurrence
Concurrence is an important measurement of entanglement. Its computation is a highly
nontrivial problem for bipartite states. In [26] the concurrence of the general 2-qubit ρ are
given in terms of the eigenvalues of ρ and an associated state ρ˜. In [23], the authors have
computed the quantum discord of general rank two 2-qubit in terms of the entanglement of
formation using the Koashi-Winter relation. In this section, we will show that their formula
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at the case of an X-state is a special case of our general result in the case of rank two
X-states.
Recall that the entanglement of formation (EoF) of a mixed state ρ of two qubit is given
by
(4.1) E(ρ) = H(
1 +
√
1− [Con(ρ)]2
2
)
where the function H(x) is defined as
(4.2) H(x) = −x log2 x− (1− x) log2(1− x)
for x ∈ [0, 1]. The concurrence of ρ is computed by [26]
(4.3) Con(ρ) = max{0, µ1 − µ2 − µ3 − µ4}
where the µi’s in decreasing order are the square roots of the eigenvalues of the non-
Hermitian matrix ρρ˜, where ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy) and σy is the Pauli spin matrix.
Let ρ = ρabc be a tripartite state on the Hilbert space Ha⊗Hb⊗Hc. Then two states ρ1
and ρ2 on Ha ⊗Hb and Hb ⊗Hc respectively are called complementary if ρ1 = ρab = Trcρ
and ρ2 = ρ
bc = Traρ. Then the Koashi-Winter relation [27] states that
(4.4) C(ρab) + E(ρbc) = S(ρb),
from which one can express the quantum discord in terms of the concurrence using (4.1).
Recall that ρab is a mixed state of X-type:
(4.5) ρ =
1
4

1 + r + s+ c3 0 0 c1 − c2
0 1 + r − s− c3 c1 + c2 0
0 c1 + c2 1− r + s− c3 0
c1 − c2 0 0 1− r − s+ c3
 .
Suppose that ρ is of rank two. As the eigenvalues of ρab are given in Eq. (2), there are only
three possibilities:
(i) λ1,2 = 0, λ3,4 6= 0. Then c3 = 1, r = s, c1 = −c2
(ii) λ1,2 6= 0, λ3,4 = 0. Then c3 = −1, r = −s, c1 = c2.
(iii) λ1,3 6= 0, λ2,4 = 0 (or λ2,4 6= 0, λ1,3 = 0 which is similar). In this case we have that√
(r − s)2 + (c1 + c2)2 = 1− c3,√
(r + s)2 + (c1 − c2)2 = 1 + c3,
subsequently
λ1 =
1
2
(1− c3), λ3 = 1
2
(1 + c3).
Cases (i) and (ii) can be treated similarly, so we look at case (i) closely. Let’s write the
eigenstates of λ3,4 as
(4.6) |ϕ3〉 = a0 |0〉 |0〉+ b0 |1〉 |1〉 , |ϕ4〉 = a1 |1〉 |0〉+ b1 |1〉 |1〉 ,
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where |ak|2 + |bk|2 = 1 for k = 0, 1. It follows that
a0 = ± r −
√
r2 + c21√
2(r2 + c21)− 2r
√
r2 + c21
, b0 =
|c1|√
2(r2 + c21)− 2r
√
r2 + c21
,
a1 = ± r +
√
r2 + c21√
2(r2 + c21) + 2r
√
r2 + c21
, b1 =
|c1|√
2(r2 + c21) + 2r
√
r2 + c21
,
where ± is the sign of c1.
Attaching a qubit on Hc to the qubits a and b, we obtain the purification of ρ
ab as
(4.7) |Ψ〉 =
√
λ3 |ϕ3〉 ⊗ |0〉+
√
λ4 |ϕ4〉 ⊗ |1〉 .
Then the reduced state ρbc = TrA |Ψ〉 〈Ψ| is
(4.8) ρbc =

λ3a
2
0
√
λ3λ4a0a1 0 0√
λ3λ4a0a1 λ4a
2
1 0 0
0 0 λ3b
2
0
√
λ3λ4b0b1
0 0
√
λ3λ4b0b1 λ4b
2
1

The only nonzero µi’s of ρ
bcρ˜bc are
√
(b0a1 − a0b1)2λ3λ4 with multiplicity two. Thus
Con(ρbc) = 0, therefore E(ρbc) = 0 by Eq.(4.1). Subsequently their result of the quantum
discord matches with our formula given by F (0), as E(ρbc) = 1−maxF (z). Here one can
see that the maximum is attained at z = 0 by our formulas for F ′(z) and F ′′(z).
Next we look at case (iii). Write the eigenvectors of λ1,3 =
1
2(1∓ c3) as
(4.9) |ϕ1〉 = a0 |0〉 |0〉+ b0 |1〉 |1〉 , |ϕ3〉 = a1 |1〉 |0〉 − b1 |0〉 |1〉 ,
and |ak|2 + |bk|2 = 1 for k = 0, 1. Then ρab is given by
(4.10) ρab =

ω0a
2
0 0 0 ω0a0b0
0 ω1b
2
1 −ω1a1b1 0
0 −ω1a1b1 ω1a21 0
ω0a0b0 0 0 ω0b
2
0

After attaching a qubit c to the qubits a and b, the purification of ρab is given by
(4.11) |Ψ〉 = √ω0 |ϕ0〉 ⊗ |0〉+√ω1 |ϕ1〉 ⊗ |1〉 ,
and the reduced state ρbc is
(4.12) ρbc =

ω0a
2
0 0 0 −
√
ω0ω1a0b1
0 ω1a
2
1
√
ω0ω1a1b0 0
0
√
ω0ω1a1b0 ω0b
2
0 0
−√ω0ω1a0b1 0 0 ω1b21
 .
The µi’s of ρ
bcρ˜bc are {2√ω0ω1a0b1, 2√ω0ω1a1b0, 0, 0}. Thus the concurrence of ρbc is
(4.13) Con(ρbc) = 2
√
ω0ω1|a0b1 − b0a1|.
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From (4.10) and (4.5), we have the following relations:
ω0a
2
0 =
1
4
(1 + r + s+ c3), ω1b
2
1 =
1
4
(1 + r − s− c3),
ω0a
2
1 =
1
4
(1− r + s− c3), ω1b20 =
1
4
(1− r − s+ c3),
ω0a0b0 =
1
4
(c1 − c2), ω1a1b1 = −1
4
(c1 + c2).
Then Con2(ρbc) = 12(1 + r
2 − s2 − c23 − c21 + c22), subsequently
E(ρbc) =−
1 +
√
1
2(1− r2 + s2 + c23 + c21 − c22)
2
log2
1 +
√
1
2(1− r2 + s2 + c23 + c21 − c22)
2
−
1−
√
1
2(1− r2 + s2 + c23 + c21 − c22)
2
log2
1−
√
1
2(1− r2 + s2 + c23 + c21 − c22)
2
=− 1 +
√
s2 + c21
2
log2
1 +
√
s2 + c21
2
− 1−
√
s2 + c21
2
log2
1−
√
s2 + c21
2
.(4.14)
This matches again with our result that 1 −maxF (z) = 1 − F (1) in the case, where it
can be seen that the maximum is indeed attained at z = 1. Note that we need to switch r
and s in our formula as their paper conducts the measurement on particle a.
5. Conclusions
The quantum discord is one of the important quantum correlations, but hard to compute
analytically as it is an optimization problem over the set of von Neumann measures. For the
general X-type quantum state, we have reduced the optimization to that of a one variable
function F (z) on [0, 1]. Several exact formulas are given for various regions of the quantum
state and an effective iterative algorithm is provided to find the quantum discord in all
situations.
Our results show that the quantum discord is usually given by max{F (0), F (1)}, which
agrees with previous algorithms given by [12, 14, 17–19] (see also [22]). As an example,
we check that the quantum discord of any rank two mixed state of X-type are always
given by either F (1) or F (0) as well as their relations with the Koashi-Winter relation and
entanglement of formation in the last section, where we show that the results of [23] matches
exactly with the special cases of our result. We remark that Theorem 2 is the first general
result that establishes rigorously the quantum discord is mostly given by either F (0) or
F (1).
As pointed out in [14] there are counterexamples to many of the existing algorithms.
To address this problem, we have carefully discussed the optimization on the boundary of
the domain and found an iterative formula to compute exactly the other possible optimal
solutions, therefore completely solved the problem of the quantum discord for the general
X-type state. Using an example, our method is demonstrated to be able to treat some
quantum discord problem that cannot be solved analytically by other methods.
In summary, the problem of quantum discord for the general X-type two-qubits (with
respect to the von Neumann measurements) is completely settled in our paper.
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